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Abstract
In this article we investigate the role of Dzyaloshinskii-Moriya (DM) interaction as a useful
resource to distil the bound entanglement in two qutrits. Here we study the distillability of
Jurkowski et al. bound entangled states. We consider the close system of two qutrits prepared
initially in bound entangled states and an auxiliary qutrit prepared in pure state. The auxiliary
qutrit interacts with any one of the qutrit of the closed system through DM interaction. The
composite system evolve under unitary dynamics. Taking the partial trace operation over the
auxiliary qutrit, we show the distillability of Jurkowski et al. bound entangled states under
DM interaction. It is interesting to investigate that probability amplitude of auxiliary qutrit do
not play the role in dynamics, while DM interaction strength is responsible to free the bound
entangled states, which can be further distilled. In this work we have used the computable cross
norm realignment criteria to detect the bound entanglement and negativity have been used to
measure the free entanglement.
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I. INTRODUCTION
Entanglement is one of the most fundamental tool for future quantum technologies
[1, 2]. Many applications of entanglement like teleportation, quantum cryptography,
quantum games, quantum imaging, etc. have been investigated [3–6]. All these ap-
plications need maximally entangled states for perfect execution of quantum information.
But quantum states are too evasive such that they may loose their entanglement when
interact with external environment. So dynamics of entanglement under various environ-
mental interactions in different quantum states plays an important role to process the
quantum information. In this paper we treat DM interaction as an environmental inter-
action. For the dimension ≥ 3, the quantum states have been divided into two categories
such as free entangled and bound entangled states [7, 8]. Free entangled states are distil-
lable states and can be effectively utilized for quantum information processing [9]. It is
known that all the quantum states in 2 ⊗ 2 and 2 ⊗ 3 dimensions are distillable. While
on the other hand the bound entangled states are noisy states and hard to distill. So
it is difficult to use these states for practical quantum information processing. However
these states activate the teleportation fidelity [10–12]. Recently, the bound entanglement
have been realized experimentally in quantum information processing [13–15]. At present
there are many mathematical tools available to characterize and detect the entanglement
for bipartite systems in 2 ⊗ 2 and 2 ⊗ 3 dimensions. Negativity is one of these and is a
good measure of entanglement [16–20]. But for the dimensions ≥ 3, the characterization
and detection of entanglement is still an open problem. Various criteria have been given
to detect the bound entanglement such as realignment criteria, computable cross norm
realignment criteria (CCNR), etc. for higher dimensions (≥ 3) [21–26].
The entanglement dynamics of two qubit pair under DM interaction [27–29], by taking
an third controller qubit, has been studied by Zheng Qiang et al. [30–32]. The third
controller qubit interacts with the qubit of the pair through DM interaction. They have
shown that by adjusting the state (i.e. probability amplitude) of either controller qubit
or qutrit and DM interaction strength, one can control the entanglement between two
qubit pair. This kind of study is not only useful in qubits but also useful in the quantum
systems with the dimensions (d⊗d), d ≥ 3 and in hybrid quantum systems with arbitrary
dimensions. Recently we have studied the dynamics in hybrid qubit-qutrit system under
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DM interaction [33–37]. We have found that, the state (i.e. probability amplitude) of
auxiliary qubit do not play any role in entanglement dynamics in some cases. So in
this case one can avoid the intention to prepare the specific state of auxiliary qubit to
manipulate the entanglement in the system. Further we also have shown the efficacy of
DM interaction to free the bound entanglement in the context of Horodecki et al. bound
entangled states [38]. Here we recall that bound entangled states takes place in Hilbert
space with the dimension (≥ 3). The dimension (d = 3) corresponds to qutrit. It has been
proved that the usage of qutrit is more secure against a symmetric attack on a quantum
key distribution protocol[39]. A quantum communication complexity protocol is also
proposed by using two entangled qutrits [40]. So A qutrit system is of special interest as
it has great manifestation and best fit into the dimensionality of Hilbert space and increase
the computing power. With the dimensions (d⊗d), d ≥ 3, we have bound entanglement in
nature and its dynamics under various circumstances is the subject of investigation. The
dynamics of bound entangled states has been studied and the phenomenon of distillability
sudden death has also been observed [41–47].
Motivated from the above mentioned studies, we study the dynamics of two qutrit
bound entangled states under DM interaction by taking an auxiliary qutrit which interacts
with any one of the qutrit. The auxiliary qutrit assist to establish the environmental DM
interaction. Here we consider the bound entangled states investigated by Jurkowski et
al. [48]. To the best of or knowledge the study of distillability of Jurkowski et al. bound
entangled states through DM interaction has not been reported as yet. The main goal
of the present study is to show that the external DM interaction can be used as a useful
resource to produce the free entanglement in two qutrit bound entangled states during
the dynamic evolution. Once the states are free then these can be easily distilled. We
also find that the state ( probability amplitude) of auxiliary qutrit does not play any role
in entanglement dynamics in two qutrit bound entangled states. The present study can
be useful in investigating the free entanglement extraction from Bound entangled states
by DM interaction.
The plan of the paper is as follows. In Sect. 2 we present the Hamiltonian of the
system. Two qutrit Jurkowski et al. bound entangled states and reduced system dynamics
have been discussed in Sect. 3. In Sect. 4 we discuss negativity, computable cross norm
3
realignment (CCNR) and reduction criteria and present the dynamics in three cases under
DM interaction. In Sect. 5 we present our conclusion. Finally in the last Sect. 6, we
present the collective graphical results of the paper.
II. HAMILTONIAN OF THE SYSTEM
We consider a qutrit (A)-qutrit (B) pair and an auxiliary qutrit (C) which interacts
with any one of the qutrit of the pair through DM interaction. Here we assume that the
auxliary qutrit (C) interacts with the qutrit (B) of the pair. Now the Hamiltonian of the
system can be written as
H = HAB +H
int
BC , (1)
where HAB is the Hamiltonian of qutrit (A) and qutrit (B) and H
int
BC is the interaction
Hamiltonian of qutrit (B) and qutrit (C). Here we consider uncoupled qutrit (A) and
qutrit (B), so HAB is zero.
Now the Hamiltonian becomes
H = H intBC =
~D.( ~σB × ~σC), (2)
where ~D is DM interaction between qutrit (B) and qutrit (C) and ~σB, ~σC are the
vectors associated to qutrit (B) and qutrit (C) respectively. Here we assume that DM in-
teraction exist along the z-direction only. In this case the Hamiltonian can be simplified as
H = D.(σXB ⊗ σYC − σYB ⊗ σXC ), (3)
where σXB and σ
Y
B are Gell-Mann matrices for qutrit (B) and σ
X
C and σ
Y
C are X and Y
Gell-Mann matrices of qutrit (C) respectively. The above Hamiltonian is a matrix having
9 × 9 dimension and is easy to diagonalize by using the method of eigendecomposition.
The unitary time evolution operator is easily commutable as
U(t) = e−iHt, (4)
which is also a 9 × 9 matrix. This matrix has been used to obtain the time evolution of
density matrix of the system.
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III. BOUND ENTANGLED STATES AND REDUCED SYSTEM DYNAMICS
In this section we discuss the two qutrit bound entangled states investigated by Ju-
rkowski et al. [48]. The density matrix of the states has been given as,
ρ(ǫ1, ǫ2, ǫ3) =
1
N


1 0 0 0 1 0 0 0 1
0 ǫ1 0 0 0 0 0 0 0
0 0 ǫ−1
3
0 0 0 0 0 0
0 0 0 ǫ−1
1
0 0 0 0 0
1 0 0 0 1 0 0 0 1
0 0 0 0 0 ǫ2 0 0 0
0 0 0 0 0 0 ǫ3 0 0
0 0 0 0 0 0 0 ǫ−12 0
1 0 0 0 1 0 0 0 1


, (5)
where N = (1+ ǫ1 + ǫ
−1
1 + 1+ ǫ2 + ǫ
−1
2 + 1+ ǫ3 + ǫ
−1
3 ) is the normalization constant. The
state depends on the three parameters ǫ1, ǫ2 and ǫ3. The state satisfy the condition as
ρ(ǫ1, ǫ2, ǫ3) = ρ(ǫ1, ǫ2, 1/ǫ3) and for the condition (ǫ1 = ǫ2 = ǫ3 = 1), the state is separable.
It is very difficult to detect the bound entanglement in this family of two qutrit bound
entangled states. Jurkowski et. al. have investigated the cases and used the states as test
bench for various entanglement detection criteria[48]. Here in the present work, we only
follow the cases investigated by Jurkowski et al., in which the bound entanglement can
be detected by using only the CCNR criteria. These cases are as (i) ǫ1 = ǫ2 = 1 6= ǫ3, (ii)
ǫ1 = ǫ2 = ǫ3 = ǫ, ǫ 6= 1, (iii) ǫ1 = 1, ǫ2 6= 1 and ǫ3 6= 1.
Now we obtain reduce density matrix of qutrit-qutrit pair. To begin with let us consider
the auxiliary qutrit (C) in pure state as
|ψ >= c0|0 > +c1|1 > +c2|2 > (6)
with the normalization condition
|c0|2 + |c1|2 + |c2|2 = 1. (7)
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Qutrit (A)-qutrit (B) is assumed initially in two qutrit bound entangled states as given
in Eq.(5). Now we can obtain the initial composite density matrix of the open system as
ρcomp.(0) = ρ̂AB ⊗ ρc, (8)
where ρc is the density matrix of qutrit (C) and ρ̂AB is the density matrix of composite
system AB. The time evolution of the density matrix is given by
ρcomp.(t) = U(t)ρcomp.(0)U
†(t), (9)
where U(t) is unitary time evolution operator given in Eq.(4). Taking partial trace of
ρcom.(t) over the basis of auxiliary qutrit (C) leaves the reduced density matrix ρ
AB in the
state as
ρAB = Ptrc[ρcomp.(t)]. (10)
Thus we obtain the reduced density matrix ρAB by using the normalization condition
given in Eq.(7). The correlated reduced density matrix of qutrit (A)-qutrit (B) after the
environmental interaction has been obtained as given below.
ρAB = [ri]1≤i≤9 (11)
Where ri represent the rows of the matrix, given as below
r1 = (X11, 0, X13, 0, X15, 0, X17, 0, X19), r2 = (0, X22, 0, X24, 0, 0, 0, 0, 0) (12)
r3 = (X31, 0, X33, 0, X35, 0, X37, 0, X39), r4 = (0, X42, 0, X44, 0, 0, 0, 0, 0) (13)
r5 = (X51, 0, X53, 0, X55, 0, X57, 0, X59), r6 = (0, 0, 0, 0, 0, X66, 0, X68, 0) (14)
r7 = (X71, 0, X73, 0, X75, 0, X77, 0, X79), r8 = (0, 0, 0, 0, 0, X86, 0, X88, 0) (15)
r9 = (X91, 0, X93, 0, X95, 0, X97, 0, X99) (16)
where ,
X11 = X19 = X91 = X99 = p, X13 = X31 = −X17 = −X71 = X39
= X93 = X79 = −X97 = sin
√
2Dtp√
2
,
X15 = X51 = X55 = X59 = X95 = cos(
√
2Dt)p, X22 =
sin2Dt+ ǫ2
1
cos2Dtp
ǫ1
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X24 = −sin(2Dt)p
2ǫ1
, X33 =
[1− cos(√2Dt)(−1 + ǫ3) + ǫ3]2p
4ǫ3
X35 = X53 = X57, X37 = X73 =
(−1 + ǫ23)
4
sin2(
√
2Dt)p
ǫ3
X42 =
(ǫ2
1
− 1) sin(2Dt)p
2ǫ1
, X44 =
cos2Dt+ sin2Dtǫ2
1
p
ǫ1
,
X57 = X53 = X35, X66 =
sin2Dt+ ǫ22 cos
2Dtp
ǫ2
,
X68 =
− sin(2Dt)p
2ǫ2
, X73 = X37 =
(−1 + ǫ2
3
)
4
sin2(
√
2Dt)p
ǫ3
,
X75 =
(−1 + ǫ3)[1 + cos(
√
2Dt)(−1 + ǫ3) + ǫ3]
2
√
2
sin(
√
2Dtp)
ǫ3
, X77 =
[1 + cos(
√
2Dt)(−1 + ǫ3) + ǫ3]2p
4ǫ3
,
X86 =
(ǫ2
2
− 1) sin(2Dt)p
2ǫ2
, X88 =
cos2Dt+ ǫ2
2
sin2Dtp
ǫ2
(17)
with,
p =
ǫ1ǫ2ǫ3
ǫ2ǫ3 + ǫ
2
1ǫ2ǫ3 + ǫ1(ǫ3 + ǫ2(1 + ǫ3(2 + ǫ2 + ǫ3)))
Observing the density matrix it has been found that the probability amplitudes (c0, c1, c2)
of auxiliary qutrit have not been involved in Eq.(11), as these are canceled out in the
calculations by using the normalization condition (|c0|2 + |c1|2 + |c2|2 = 1). Thus the
probability amplitude of auxiliary qutrit do not play any role in qutrit-qutrit entanglement
dynamics. So experimentally one can avoid the intention to prepare the specific state (i.e.
probability amplitude) of auxiliary qutrit to manipulate the entanglement in two qutrit
systems.
IV. NEGATIVITY, CCNR AND REDUCTION CRITERIA
In this section we discuss the entanglement measure as Negativity, CCNR and reduction
criteria used for investigations in the paper. The negativity (N1) and CCNR criteria (N2)
are defined as,
N1 =
(
∥∥ρAB∥∥− 1)
2
(18)
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and
N2 =
∥∥R(ρAB − ρA ⊗ ρB)∥∥−
√
(1− Trρ2A)(1− Trρ2B), (19)
where ||..|| is the trace norm of the matrix, respectively. Further ρA and ρB are the
reduced density matrices of qutrit A and qutrit B. The negativity (N1) has been used to
measure the free entanglement while the CCNR criteria (N2) has been used to detect the
bound entanglement in the qutrit-qutrit system. Here we mention that CCNR criteria is
only detection tool for bound entanglement and can not be used to measure it. Either
N1 > 0 or N2 > 0 imply that the state is entangled. N1 = 0 and N2 > 0 imply that
the state is bound entangled, and N1 > 0 corresponds to the free entangled state. If a
state is initially separable then N2 ≤ 0 and if N2 ≤ 0 with advancement of time then
the CCNR criteria fails to detect the entanglement. Before studying N1 and N2, it is
important to ensure that the bound entangled states are distillable or not. To check the
distillability of bound entangled states, reduction criteria is a suitable tool which ensure
the separability and distillability of the bound entangled states. For the separability of a
composite system AB, the following conditions should be satisfied
ρA ⊗ I − ρ ≥ 0 and I ⊗ ρB − ρ ≥ 0, (20)
where ρA = TrB(ρ), ρB = TrA(ρ) and ρ is the composite density matrix of the system
AB. The states which violates the condition (20) can be distilled. So, for distillability the
following condition should be necessarily satisfied [51].
ρA ⊗ I − ρ ≤ 0 or I ⊗ ρB − ρ ≤ 0. (21)
In the subsequent sections we study different cases and investigate the dynamics of two
qutrit bound entangled states under DM interaction by using the aforementioned math-
ematical tools.
A. Case 1: ǫ1 = ǫ2 = 1 6= ǫ3, ǫ3 = ǫ (arbitrary).
In this subsection we consider the case as ǫ1 = ǫ2 = 1 6= ǫ3 and ǫ3 = ǫ (arbitrary).
The initial state corresponds to ρ(1, 1, ǫ). First we plot the evolution of negativity N1 and
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CCNR criteria with (D = 0.0) in Fig.1. From the figure we observe that N2 ≥ 0, so the
CCNR criteria detect the bound entanglement in this case except for ǫ = 1. Corresponding
to ǫ = 1 the quantity N2 is zero, so the state is separable. Before proceeding the study, it is
important to ensure the distillability of the states. So we study the eigenvalues of reduction
criteria given in Eqs.(21) for this purpose. We plot the eigenvalues of the reduction criteria
given in Eq.(21) in Fig.2 with the parameter range (0 ≤ ǫ < 10) and (0 ≤ Dt < 1).
We concentrate only on negative eigenvalues, which are the indication of distillability.
Looking at the Fig.2, we find that as the DM interaction strength increases the reduction
criteria produces the negative eigenvalues within the parameter range (5.8 ≤ ǫ < 10) with
(Dt > 0.4). Here we mention that only free states can be distilled, so the distillability
through reduction criteria ensure that the states must be free within the parameter ranges
(5.8 ≤ ǫ < 10) and (0 ≤ Dt < 1). We check this result of free entanglement by plotting
the negativity and CCNR criteria in Fig.3 with different values of (ǫ) within the range
(0 ≤ Dt < 0.5). The results in this figure reveal that initially the state is bound entangled
indicated by CCNR graph at (Dt = 0.0) with all the parameter values of (ǫ). But
as the DM interaction advances with the time the graph of negativity increases, which
exhibits that the free entanglement has been produced in the state and hence the state is
transformed from bound to free entangled sate. Once the states are free than these can
be easily distilled. So here we find that DM interaction has the efficacy for distillability
of bound entanglement during the time evolution of the system.
B. Case 2: ǫ1 = ǫ2 = ǫ3 = ǫ (arbitrary), ǫ 6= 1
In this subsection we consider the case as ǫ1 = ǫ2 = ǫ3 = ǫ (arbitrary), ǫ 6= 1, The
initial state corresponds to ρ(ǫ, ǫ, ǫ). Here we recall that with (ǫ1 = ǫ2 = ǫ3 = ǫ = 1), the
state is separable. First we plot CCNR criteria and negativity in Fig.4 for DM interaction
strength D = 0.0, the graph resemble the same shape as sketched in Fig.1 with the change
in the amplitude. The CCNR criteria detect the bound entanglement in this case except
(ǫ = 1) and negativity is zero in the state. First we ensure the distillability of the states by
using the reduction criteria as has been done in previous cases. Now we plot eigenvalues
of reduction criteria with different values of DM interaction strength and parameter range
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(0 ≤ ǫ ≤ 10). These eigenvalues plot are shown in Fig.5. We find the eigenvalues are
negative only within the range (9.8 ≤ ǫ ≤ 10). The results in figure exhibit that, the
state is surely distillable within the small range (9.8 ≤ ǫ ≤ 10) and must have free
entanglement, because only free entangled state can be distilled. To check the behaviour
of free entanglement in the state we plot CCNR and negativity with (ǫ = 10) in Fig.6. We
find at (Dt = 0.0), the state is initially bound entangled, but as DM interaction strength
advances with time than negativity plot has the nature as (N1 > 0), which reveal that
free entanglement has been produced in the sate and surely the bound entangled state is
transformed to free entangled one.
C. Case 3: ǫ1 = 1, ǫ2 6= 1 and ǫ3 6= 1.
In this subsection we have investigated the case ǫ1 = 1, and arbitrary values of ǫ2 and ǫ3
with (ǫ2, ǫ3) 6= 1. The initial state correspond to ρ(1, ǫ2, ǫ3). The eigenvalues of reduction
criteria given in Eq.(21) are the functions of three variables (Dt, ǫ2, ǫ3), we have plotted
the contour plot of eigenvalues with different values of DM interaction strength with the
range (0 < ǫ2 ≤ 1, 0 < ǫ3 ≤ 1) in Fig.7. The figure reveals the negative eigenvalues, which
are the indication of the distillablility of the bound entangled states. Next we plot CCNR
criteria and negativity in Fig.8 with different values of the parameter pairs (ǫ2, ǫ3) with
the range (0 < Dt ≤ 0.5). We find initially the states are bound entangled at (Dt = 0.0)
but as DM interaction strength increases the free entanglement is produced in the states,
which ensure the distillability of the states. Here we mention that DM interaction play
an important role for the distillablility of the bound entangled states and can be a useful
resource for the same purpose.
V. CONCLUSION
In the present paper we have studied the dynamics of two qutrit bound entangled
states under DM interaction by taking an auxiliary qutrit. The probability amplitude of
the auxiliary qutrit do not play any role in dynamics, only DM interaction strength is
sufficient. Here we have investigated the distillability of Jurkowski et al. bound entangled
states through DM interaction. The state depends on three parameters ǫ1, ǫ2, ǫ3. In the
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present study we have considered the cases (i) ǫ1 = ǫ2 = 1 6= ǫ3, (ii) ǫ1 = ǫ2 = ǫ3 = ǫ, ǫ 6= 1,
(iii) ǫ1 = 1, ǫ2 6= 1 and ǫ3 6= 1. We have investigated the distillability with all these cases
and used reduction criteria to ensure the distillability of the states. Further we have been
studied the CCNR criteria and negativity for all the cases to show the transformation
of bound entangled states to free entangled states which exhibits the efficacy of the DM
interaction for the distillation. Once the states are free through DM interaction than these
can be easily distilled. As free entangled states and their distillation is more useful for
practical applications, so the present study can be a significant contribution for quantum
information community.
VI. GRAPHICAL RESULTS
In this section we present the graphical results obtained throughout the paper. Here
the results are presented in eight figures.
FIG. 1: Plot of Negativity (N1) and CCNR (N2) at D = 0.0, (Solid Blue plot depict N1 and
dashed purple plot depict N2).
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FIG. 2: Plot of eigenvalues of reducion criteria obtained with different values of DM interaction
strength.
FIG. 3: Plot of Negativity (N1) and CCNR (N2) criteria vs. Dt with varying parameter ǫ.
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FIG. 4: Plot of Negativity (N1) and CCNR (N2) criteria vs. ǫ for D = 0.0, (Solid blue plot
depict N1 and dashed purple plot depict N2).
FIG. 5: Plot of negative eigenvalues of reductioon criteria with different values of DM interaction
strength.
13
FIG. 6: Plot of Negativity (N1) and CCNR (N2) criteria vs. Dt with parameter ǫ = 10.
FIG. 7: Contour plot of eigenvalues of redcution criteria with different values of DM interaction
strength vs. parameter range 0 < (ǫ2, ǫ3) ≤ 1. The parameters ǫ2, ǫ3 are ploted along the X and
Y axis respectively.
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FIG. 8: Plot of Negativity (N1) and CCNR (N2) vs. Dt with different values of the parameter
pairs (ǫ2, ǫ3).
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